Cloning and Joint Measurements of Incompatible Components of Spin 
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A joint measurement of two observables is a simultaneous measurement of both quantities upon 
the same quantum system. When two quantum-mechanical observables do not commute, then a 
joint measurement of these observables cannot be accomplished by projective measurements alone. 
In this paper we shall discuss the use of quantum cloning to perform a joint measurement of two 
components of spin associated with a qubit system. We introduce a cloning scheme which is optimal 
with respect to this task. This cloning scheme may be thought to work by cloning two components 
of spin onto its outputs. We compare the proposed cloning machine to existing doners. 

PACS numbers: 03.67.-a, 03.65.Ta 



I. INTRODUCTION 

Quantum information has some fundamental differ- 
ences from classical information. One of the most famous 
of these is the inability to perfectly clone an arbitrary 
quantum state. This important observation, first enun- 
ciated by Wootters and Zurek, is referred to as the no- 
cloning theorem . While quantum mechanics precludes 
perfect cloning it does allow one to create approximate 
clones. The first such scheme was implicit in the proof 
of the no-cloning theorem. This cloning procedure per- 
fectly cloned states from a designated orthogonal basis, 
but faired less well with states that were a superposition 
within the prescribed basis. 

Since this work many other cloning machines have been 
devised. Although the various doners all share the same 
common goal of trying to copy a quantum state, the pre- 
cise way that this is achieved differs due to the different 
specifications that they are subject to. One example is 
the universal doner of Buzck and Hillery 2] , which was 
designed to clone all qubit states equally well and pro- 
duces two identical output cloned states. Dropping the 
requirement that the clones should be identical is some- 
times useful and leads to the universal asymmetric doner 
0, • Another approach is to try to clone a restricted 
set of states as well a possible. Such doners are known 
as state dependent doners The cloning machine of 
Wootters and Zurek is an example of a state dependent 
doner, where the states of interest are orthogonal. The 
examples given thus far have applied to cloning 2-level 
systems (qubits); imperfect cloning of n-level systems is, 
however, also possible @, 0- Yet another important de- 
velopment is the experimental implementation of cloning 
plpA flO| . For a thorough review of all these topics see 

The doners described thus far are sometimes referred 
to as deterministic, as they always return the same out- 
put for each part icular input state. Probabilistic doners 
also exist fl2lll3j |. These allow a state, drawn from a spe- 
cific linearly independent set, to be cloned exactly with 
a certain probability, in such a way that one knows when 
the cloning has succeeded and when it has failed. The 



relationship between deterministic and probabilistic don- 
ers is similar to the relationship between minimum error 
state discrimination and unambiguous state discrimina- 
tion In minimum error state discrimination, we are 
given a quantum state drawn from a known set of states, 
and we seek to determine which one. If, however, the 
states we wish to distinguish between are non-orthogonal, 
then we cannot distinguish them perfectly. Therefore we 
aim to distinguish between the states as well as possible, 
by minimising the overall probability of error. In un- 
ambiguous state discrimination, on the other hand, we 
seek to never mis-identify a state. The price we must 
pay to achieve this is to accept that we will sometimes 
not get an answer at all. To illustrate this, consider the 
case of two non-orthogonal states {|si), |s2)}. For unam- 
biguous discrimination we would require three outcomes 
corresponding to the state being \s\), \s%), and to the 
outcome of the experiment being undetermined. For a 
review of state discrimination see [l^. 



In this paper we shall explore another connection be- 
tween measurement and cloning. One way of performing 
a joint measurement of two observables would be to first 
clone the quantum system to produce two copies, and 
then to measure one quantum observable on each clone. 
While this approach can be used to jointly measure any 
pair of observables, it is important to note that current 
cloning procedures have not been devised with this in 
mind. We will derive the optimal cloning procedure with 
respect to measuring two incompatible spin components 
of a spin-1/2 particle. The paper will be organised in the 
following way: In section^ we introduce joint quantum 
measurements. We evaluate how effective current don- 
ers are for the task of performing a joint measurement of 
two spin components of a spin-1/2 particle. After this we 
shall describe an existing scheme for performing a joint 
measurement of two components of spin. This will lead 
us, in section llVl to a cloning scheme which is optimal 
with respect to the task of performing a joint measure- 
ment of spin. In section [V] we shall calculate the global 
fidelity for this cloning procedure. We conclude with a 
discussion in Section IVII 
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II. JOINT QUANTUM MEASUREMENTS 

A joint quantum measurement of two observables is a 
single measurement of a quantum system that allows us 
to simultaneously give values to both observables. When 
the two observables of interest commute, then the joint 
measurement can be accomplished with standard von 
Neumann or projective quantum measurements. When 
the observables do not commute then we must adopt a 
more generalized view of quantum measurements. This is 
provided by the probability operator measures (POMs), 
also called positive operator valued measures (POVMs). 
In the POM formalism each measurement outcome has 
assigned to it a measurement operator H , with the prob- 
ability for outcome i given by Tr{plli} for any measured 
state p. This requirement leads to the fact that the mea- 
surement operators H must have eigenvalues which are 
either positive or zero. There is no requirement, how- 
ever, that the measurement operators are projectors onto 
eigenstates. The measurement operators must also sum 
to the identity operator, as the sum of all the probabil- 
ities for different outcomes is one. We should point out 
that one feature of generalized measurments is that the 
number of measurement operators and outcomes is not 
restricted to be less than or equal to the number of di- 
mensions of the measured quantum system. A detailed 
discussion of this elegant approach can be found in ref- 
erences [l5Lll6llT7( . 

One of the earliest investigations of joint measurements 
was that of Arthurs and Kelly 0|, wn0 discussed si- 
multaneous measurements of position and momentum. 
Their method was to introduce two ancillary systems 
that would track both the position and momentum of 
the particle. This method was extended by Arthurs and 
Goodman to yield an uncertainty principle for any two 
jointly measured observables |Tgj . 

It is frequently assumed that joint measurements sat- 
isfy the joint unbiasedness condition [T^. I20L l2lj 1 . This 
condition states that the expectation values for the 
jointly measured observables should be proportional to 
the expectation values for the observables measured by 
themselves. For the case of jointly measuring two compo- 
nents of a spin- 1/2 system, we shall denote the directions 
of the two components by the unit vectors a and b. The 
observables that we seek to measure are A = a • a and 
B = b • <7, where a is a vector, the cartesian components 
of which are the familiar Pauli matrices. The joint unbi- 
asedness condition will now take the form (Aj) = a(A) 
and (Bj) = 0(B), where (Aj) and (Bj) are the expec- 
tation values for the jointly measured observables. We 
will assume that the measurement outcomes are ±1, so 
that the magnitude of the real constants |a| and \j3\ will 



It is not necessary to assume the joint unbiasedness condition. 
Relaxing this condition would lead to a more general description 
of joint measurements |21| . 



vary between one and zero. If they assume the value one, 
then we say that the measurement of the associated com- 
ponent is completely sharp, and it will correspond to a 
projective or von Neumann measurement of the compo- 
nent. Alternatively if one of the constants is zero then 
the measurement of the associated component is said to 
be completely unsharp and we would have done no worse 
by guessing the outcome. 

The price for performing a joint measurement of in- 
compatible observables is that the uncertainty in the es- 
timates of the observables will increase. In other words, 
the variances of jointly measured spin components will 
be larger than the variances of the spin components mea- 
sured by themselves. This leads us to say that joint mea- 
surements are unsharp j^. For the case of a spin- 1/2 
particle, the values of a and will be restricted by the 
inequality |2^| 

|aa + /?b| + |aa-/3b| < 2. (1) 

If a joint measurement scheme allows us to saturate in- 
equality QJ, then, for given directions a and b, this mea- 
surement gives the largest possible values of a for a given 
/3. Any joint measurement of two components of spin for 
which inequality is saturated shall be called an opti- 
mal joint measurement. 

We can now evaluate how effective the various existing 
doners are for performing joint measurements. It turns 
out that none of these allow us to saturate the inequality 
(JTJ for all states, as they have not been devised with joint 
measurements in mind. As an example we will consider 
the universal doner 0. This doner produces two iden- 
tical cloned states, each having a Bloch vector pointing 
in the same direction as the original Bloch vector of the 
state. The magnitude of the Bloch vectors is, however, 
reduced by the factor |. Hence if we initially had the 
state p = h(l + c • <t), then the universal doner would 
return two identical states p c = ^(1 + |c • a). If we mea- 
sure the a component of spin on one clone, and the b 
component of spin on the other clone, then we can re- 
alise a joint measurement of the two components with a 
and j3 both equal to | . It can be seen that the inequality 
JTJ can never be saturated for these values of the a and 
(3. Even if we use a doner that operates under less re- 
strictive conditions, such as the universal asymmetrical 
doner @, B , Q cannot be satisfied except in the trivial 
cases of a = 0, f3 = 1 or a = 1, /? = 0. This begs the 
question of whether it is possible to construct a cloning 
machine that can be used to perform an optimal joint 
measurement. In section Hvl we shall show this can be 
done. 



III. AN OPTIMAL JOINT MEASUREMENT 

As has just been stated, none of the existing cloning 
machines can be used to perform an optimal joint mea- 
surement. However such measurement schemes do exist, 
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FIG. 1: A diagram showing the m and 1 axes in relation to 
the a and b axes. 



and a particularly simple one is outlined in [2(1 IziL EEL 
l2r3 | . The essence of this procedure is to introduce two new 
axes to measure along, which are shown in Fig. Uas ra 
and 1. Each time a measurement is performed, a choice 
of which axis to measure along is made. The probability 
of measuring along m is given by p and the probability 
of measuring along 1 by 1 — p. If we measure along m 
and obtain the outcome spin up along m, then this is 
interpreted as spin along both a and b being spin up. 
Conversely if we obtain spin down along m, then this is 
interpreted as spin down along both a and b. For the 
case when we measure along 1, the result spin up along 
1 is taken as the component of spin along a being spin 
up and the component of spin along b being spin down, 
and the result spin down along 1 is interpreted as a being 
spin down and the b being spin up. 

It can be seen that the four measurement operators 
that describe the measurement are 

tif ± = |(i±m.a), 



fyab 



^(i±l-). 



(2) 



The joint probability distribution P?- can be calcu- 
lated by taking the expectation values of the measure- 
ment operators J3J|. The marginal probability distribu- 
tions, P z aa and Pj 36 , can then be obtained from the joint 
probability distribution. Equivalently, we may obtain 
the marginal probability distributions directly from the 



marginal measurement operators II^ S 
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/3b 



Uf ± - 



and 



■ n° 6 ± . 



condition of joint unbiasedness. This criterion imposes 
the constraint (Aj) = a(A), which implies that 

(Aj) = (fir) - <fc a ) = a(a-a), 
(pm • a) + ((1 — p)l ■ a) = a(a-<r). (3) 

Similarly, the constraint (Bj) = (3(B) implies that 

(pm-a)-((l-p)l-a)=(3(b-a). (4) 

The conditions © and Q suggest that a suitable choice 
for m and 1 would be 

m = 7r(aa + fib), 
2p 



1 



1 



-(aa-/?b). 



2(1 -p) 

As these are unit vectors, it can be seen that 



P = \\ aa + P h \i 



l-p 



-\aa-0b\, 



(5) 

(6) 
(7) 



The directions of m and 1 can be deduced from the 



and thus the condition that p + (1 — p) = 1 ensures that 
this measurement scheme is optimal. A more detailed 
discussion can be found in |2(i| . This measurement pro- 
cedure can be used to construct a doner that enables us 
to perform an optimal joint measurement, which will be 
considered next. 



IV. CONSTRUCTION OF CLONER 

It should not be surprising that the current cloning 
procedures do not represent optimal means of realising 
joint measurements. This is as they have been conceived 
with the notion of maximising the fidelity between the 
input state and the output cloned states. The cloning 
device that we shall outline is designed to saturate in- 
equality (JIJ, and as such it should be expected that its 
fidelity will be lower than that of some of the existing 
doners. Heuristically we can imagine that this doner 
operates by cloning the a and b components of spin of 
the input state onto its outputs. Now let \a±) and \b±) 
represent the eigenstates of spin along a and b. In addi- 
tion to this let \ip) represent the state that is to be cloned 
and let |0) represent the second 'blank' qubit to which 
information will be transferred . Then we should expect 
that the action of our doner is 

%>i|0) 2 = \c)i2 = A 1 |a+) 1 |6+> 2 + A 2 |a+) 1 |6-) 2 (8) 
+ A 3 |a-) 1 |6+> 2 + A 4 |a-) 1 |6-> 2 , 

where |Ai| 2 = Pf + , |A 2 | 2 = Pf_, |A 3 | 2 = P^ b + and 
| A4 1 2 = P__, where these joint probabilities are those 
of an optimal joint measurement. Thus we find that the 
squares of the magnitudes of the coefficients in JHJ yield 
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the same joint probability distribution as we would calcu- 
late from the measurement operators |J2}. Now a projec- 
tive measurement along the a direction on the first qubit 
and along b on the second qubit of \c)\ 2 will implement 
a joint measurement of the a and b components of spin 
of the state 

To construct the unitary operator U that implements 
the cloning process, we require an important result that 
applies to POMs. It can be shown that any POM can 
be realised as a projective measurement by extending the 
dimensions of the systems Hilbert space. This result is 
known as Naimark's theorem, a proof of which can be 
found in [l6l Il7j . To illustrate this theorem consider the 
pertinent situation of performing a joint measurement 
of two components of spin of a spin-1/2 particle. The 
state of the particle is described in a two-dimensional 
Hilbert space. We can add another spin-1/2 particle 
which is prepared in the state \b+). To describe this 
new combined system, with state vector | - 0)i|fe+)2, we 
require a four-dimensional Hilbert space. Naimark's the- 
orem assures us that there exists an orthonormal basis 
{|<Ay)i2}i where i,j = ±, which has the property 



choice of basis is 



pab 
ij ' 



(9) 



Hence we may realise the joint measurement by perform- 
ing a projective measurement upon the state \ip)i\b+) 2 . 
If we find such a measurement basis {\4>ij} 12}, then it is 
clear that 

|A 1 | = |(0 ++ |^)|6+)|, \X 2 \ = \(4, + ^)\b+)\, 

|A 3 | = |A 4 | = \(<P—\Tp)\b+)\. (10) 

This observation suggests that a suitable form for U is 2 



U=\a+) 1 \b+) 2 (<p ++ \ + \a+) 1 \b-) 2 ( 
-|a-)il&+} 2 (0-+| - |a->i|6->2<< 



'-\ — I 



(11) 



For this unitary operator to effect the cloning procedure 
we would require that the state 1 0)2 in ijHJ is prepared as 
\b+). 

The task of constructing the doner has been reduced 
to finding a suitable orthonormal basis {\<f>ij)i 2 }, which 
is accomplished by performing a Naimark extension. Ex- 
amples of performing such extensions may be found in 
[la. |27| . To aid us in performing the Naimark exten- 
sion we shall introduce the states |m±) and |^±) as the 
eigenstates of m • a and 1 • a respectively. Thus we may 
express the POM operators as fl±± = p\m±)(m ± | and 
ii^f-p = (1 — p)\l±)(l ± |. It can now be shown that one 



2 From II (It it is clear that we are free to choose the phase factors 
of the terms that appear in the U, without affecting the joint 
probability distribution for the outcomes of the joint measure- 
ment. The choice of phases that appear in lilt was made with 
a view to enhancing the fidelities of the cloning process. 



\<f>++)l2 
\4>—)l2 

\4>+-)u 



\<t>- 



+/12 



y /p\m+) 1 \b+) 2 + y/1 -p\a+) 1 \b-) 2 , 
y /p\m-) l \b+) 2 + y/1 -p\a-) 1 \b-) 2 , 
y/l -p|Z+)i|b+) 2 - v /p(cos(e)|a+) 1 
sin(c)|a-)i)|6-) 2 , (12) 
y/l-p\l-)i\b+) 2 + Vp(sin(e)|a+)i 
cos(e)|a-)i)|6-) 2 , 



where e is half the angle between the vectors m and 1. It 
can be verified that this basis satisfies (0 . It may also be 
verified that the basis states are orthonormal as required. 
The basis is expressed in terms of p and e which 
relate to the measurement scheme of |2jj. However for 
this cloning machine it would be more natural to express 
U in terms of a, and 77, the angle between a and b. 
In section [H] we explained that p can be expressed as 
p = ||aa + /3b I and 1 — p = ||aa — /3b|, hence all that 
remains is to find how e can be expressed in terms of a, 
/3 and ij. This may be achieved by remembering that 2e 
is the angle between m and 1, and thus m • 1 = cos(2e). 
From JHJ it is clear that 



ml 



P 2 



4p(l - p) 



= cos(2e). 



(13) 



We may view the action of the doner © as taking 
information about the measurement statistics and trans- 
ferring it into our new basis {|a±)i, | fo=b) 2 j- in such a way 
that the information pertaining to a being ± is associated 
with the basis states |o±)i, and likewise for b and the 
states \b±) 2 - If we use this doner to aid us in perform- 
ing a joint measurement of the a and b components of 
spin, then we would find that the probabilities for each 
of the four outcomes occurring is the same as for the 
joint measurement scheme outlined in |20j. As that mea- 
surement scheme saturated the inequality (I}, then this 
implies that a joint measurement implemented using this 
cloning machine will also saturate QJ and as such will 
represent an optimal joint measurement. 

An important point to note is that in general the state 
\c)\ 2 will be entangled, and thus if we wished to con- 
sider only one of the cloned qubits, then the reduced 
states p a = Tr 2 (\c)(c\) and p — 7Yi(|c)(c|) will be mixed 
states. Thus, the lengths of the Bloch vectors c a and c 
for p a and p respectively, will both be less than one. It 
is straighforward to show that 



a (a • 



(14) 



where c is the Bloch vector of the initial pure state 
This means that the components of p a 's Bloch vector 
along the a axis is just the component of the original 
Bloch vector of the state, along a, shrunk by the factor 
a. A similar result can be found for p , 



b • c — /3(b • c). 



(15) 
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This supports the view that the cloning process imprints 
the individual components of spin onto its outputs. It 
also shows that the expection values for A and B satisfy 
the joint unbiasedness condition introduced in sectionlTTl 
It is interesting to examine other components of c a and 
Cb. Thus let n be the unit normal vector of the plane 
spanned by a and b, i.e. n • a = n • b = 0. It can be 
shown that 



n • c a = y/l — P 2 n ■ c and n • c& = 0, 



(16) 



and thus c;, is confined to the ab plane. This is not 
entirely unexpected, as our cloning procedure is asym- 
metric. It ideally leaves as much information as possible 
about the a component of spin in the original qubit state, 
and imprints as much information as possible about the 
b component of spin on the blank auxiliary qubit. Re- 
lation (|16[) shows that some of the information related 
to a spin component orthogonal to both a and b is left 
in the original qubit, but none of it makes its way onto 
the blank qubit. This is not surprising, as we only ever 
intended to transfer information about the b component 
onto the blank qubit. 

The cloning procedure outlined so far applies to pure 
states. It is, however possible to clone mixed states using 
the same cloning procedure. If we denote the state that 
is to be cloned as p, then the output cloned state p c will 
simply be p c — Up® \b+)(b+ \ U + . A joint measurement 
of a • cr and b • a can now be realised in the same manner 
as for the pure state cloning. 



V. FIDELITIES 

An important quantity to consider when analysing any 
cloning procedure is the fidelity, which quantifies how 
close the cloned states are to the original state. Here we 
shall take our definition of fidelity, F, to be 



F =|i(#!<#5>ia| 



(17) 



which is the probability that the state produced is found, 
by a suitable measurement, to be a pair of perfect copies. 
The fidelity (that is obtained) will depend upon the ini- 
tial state and thus, as expected, it differs from the fi- 
delity obtained using the universal doner. However it 
also differs from the fidelities of traditional state depen- 
dent doners, which are optimised for a restricted set of 
states, as this doner is optimal with respect to {Q for 
all pure qubit states. It is interesting to look at how the 
fidelity varies with the angle between a and b, and how it 
varies for different intended measurement sharpness. As 
the fidelity is a function of the input state, we shall av- 
erage F over all possible initial pure states. This task is 
best accomplished in terms of the Bloch sphere picture, 
where the input states are represented by unit vectors in 
R 3 . Choosing a to be along the z-axis, we define 9 to 
be the angle made by the Bloch vector of the state and 
the z-axis. We also define <j> to be the angle made by the 



projection of the Bloch vector of the state in the xy plane 
with the x-axis. Assuming all initial states to be equally 
probable, the averaged fidelity will be given by 



Fa 



1 

47T 



Fig a) sin 9d(f>d6. 



(18) 



This averaged fidelity is equivalent to the global fidelity 
of 0. With some effort it can be shown that 



F„ 



1 

4 



a 
12 



12 



a(3 
12 



cos 2 (77) 



12 



1 



12 



■8^(77) + — [t^/l-/?* 



+ /3y/l - (3 2 cos(?7) + /3y/l - a 2 sin(ry)], (19) 

where p is given by © . A plot of the averaged fidelity 
is shown in figure [21 In this figure, (3 was chosen to have 
its largest possible value consistent with the choice of a 
and rj. It was found in 2] that the universal doner pro- 
duces clones with a fidelity of |. Thus the two particle 
fidelity of the univeral doner is (|) 2 ~ 0.6944. Compar- 
ing this to figure [21 we observe that the universal doner 
produces clones with a higher fidelity than the doner we 
are considering. 

We can also define fidelities for the single particle 
reduced states p a and pb to be F a — (tp\p a \ip) and 
Fb = (ip\pb\ip)- These fidelities can then be averaged 
in the same manner as (I18fl . This yields the results 



F a 



F h = 



1 



1 



1 



2 + 6 + 6^^ + ^^^ 



(3 cos{r])^l - (3 2 + ( 3sin(?7)Vi - a 2 ), (20) 
2 6 



(21) 



The fact that the averaged fidelities are not equal is to be 
expected, as the process that we are performing is inher- 
ently asymmetric with respect to the a and b directions. 
To elaborate further upon this, the reduced states p a and 
Pb contain information about the measurement statistics 
of measurements along the a and b axes of the state \ip). 
Provided a ^ b, we should not expect p a and pb to be 
equal, and thus we should not expect F a to equal Fb. For 
the case when a = b, i.e. r) = 0, it is possible to have 
a = fi = 1 and thus the equations H20|l and (|21|l will 
both yield the answer of | for the averaged fidelity. The 
cloning process we have considered leaves information re- 
lating to spin along the a direction in the original qubit 
state, and transfers information relating to spin along b 
onto a blank qubit. We could, of course, equally well con- 
sider a cloning process which would leave the information 
relating to b in the original qubit, and copy the informa- 
tion relating to a onto the blank state. The fidelities in 
equations (|2*U)l and (|2~T]l would then be reversed with re- 
spect to a, a and /?, b. One could also consider devising a 
cloning procedure which would be more symmetric with 
respect to a and b as far as the fidelities for the single 



6 




FIG. 2: A plot showing F av (the upper surface) in relation to 
F m (the lower surface). The parameter rj is the angle between 
the a and b axes. 

particle reduced states are concerned. This cloning pro- 
cedure would still give the same measurement statistics. 
The possibility of many different cloning procedures, all 
yielding the same measurement statistics, is due to the 
fact that there are infinitely many ways of realising the 
joint quantum measurement, in terms of how to make 
the Naimark extension. 

In section IIIII a way of realising a joint measurement 
of two components of spin was outlined. As our doner is 
primarily concerned with replicating measurement statis- 
tics, it may seem more natural to use the measurement 
scheme of section ITT1 in a more direct fashion to prepare 
the clones. We could just perform the joint measurement 
and then prepare one of the basis states |a±)i|6±)a cor- 
responding to the obtained outcome. This process would, 
on average, yield the mixed state 

hi= E p ?^i)AhU{*UH- (22) 

i,J=+,- 

The state l|22[) is simpler to create and gives the same 
measurement statistics as \c). There is, however, a differ- 
ence between the two cloning procedures. This difference 
manifests itself within the averaged fidelities of the two 
processes. We can define the fidelity, F m , of pi2 with the 
original state \ip) as 

F m = i(1>\2(il>\fa\il>)i\il>h. (23) 



When we average F m over all the pure qubit states, then 
we find that the averaged fidelity is less than (|19|) . as 
is shown in figure |21 It is informative to consider the 
two reduced states pi = Tr(pi 2 ) and p\ — Tr(/3i2). The 
averaged fidelities may be calculated for these states and 
are found to be 

Fma = i + ~ (24) 

1 

Fmb = ( 25 ) 

2 o 

It may be seen that F m i, — Ft but that F ma ^ F a . This 
result again shows that only information pertaining to 
the b component is transferred to the second qubit, where 
as the first qubit retains additional information about the 
original state. 



VI. CONCLUSION 

We have looked at how quantum cloning can be used 
to perform joint quantum measurements of two compo- 
nents of spin. A criterion for judging the optimality of a 
joint measurement was discussed. We then introduced a 
cloning machine which can be used to perform an optimal 
joint measurements of spin. This cloning scheme could 
be though to act by cloning the a and b components of 
spin onto its outputs. Fidelities for the doner were also 
investigated. We could compare these results to that of 
the universal doner, which provides clones with a fidelity 
of | for all input states. Thus its two particle averaged 
fidelity would simply be (|) 2 w0.6944. Hence the fidelity 
of the universal doner is, as expected, higher than that 
of the doner presented in section ITVl 

Finally we compared the cloning procedure to a more 
direct approach producing the mixed state output Q22p. 
It was found that the averaged fidelity for the cloning pro- 
cedure outline in section H*Vl was greater than or equal to 
the fidelity of the mixed state procedure. Thus the added 
complexity of the method outlined in section Hvl may be 
balanced against the higher fidelity that it provides. 
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